A central topic in statistical mechanics, a research area Professor Hao Bailin devoted himself throughout the years, is the study of the state of matter. For a gas system the study begins with an understanding of the equation of state relating the pressure P , volume V and the temperature T . In 1901 Onnes introduced the virial expansion
The Virial Expansion
A central topic in statistical mechanics is the study of the state of matter. For a gas system the study begins with an understanding of the its equation of state relating the pressure P , volume V and the temperature T . In 1901 Heike Kamerlingh Onnes introduced what is now known as the virial expansion,
as an empirical formula relating the pressure P , temperature T of N molecules in a volume V , where k is the Boltzmann constant, ρ = N/V and B i = B i (T ) is the ith virial coefficient. The expression (1) has since been viewed as an expansion in particle density ρ without questioning. While this view holds true in the ρ = 0 limit producing the ideal gas law
the consideration as a density expansion in general does not reveal the true nature of the expansion. In this note we re-visit the virial expansion and its Mayer cluster derivation, and identify a salient expansion parameter as specific volume, the ratio of the effective volume v eff of a gas molecule with its allotted mean volume v mean = V/N .
The Equation of State and Mayer Expansion
In the canonical ensemble of statistical mechanics, the pressure of a physical system is given by the expression
where
is the Helmholtz free energy and Z N the partition function. For a gas system the partition function is
and U = U (r 1 , r 2 , . . . r N ) are, respectively, the kinetic energy and internal potential energy of the system. Carrying out the momentum integrations in (5) yields the result
For the ideal gas we have U = 0 and the integration in (6) yields a simple factor V N . Then (3) produces the ideal gas law (2) after substituting (6) into (4). For gas systems with inter-molecular interactions, the computation of the integral (6) depends on the explicit form of U and is generally complicated.
We assume pairwise interactions
where the 2-particle potential V (r) is central, namely, V (r ij ) = V (|r i − r j |) = V (r ji ). One pairwise interaction often used for real gases is the Lennard-Jones potential where is the depth of the potential and σ the distance at which V (r) vanishes. Another example is the hard-sphere gas consisting of impenetrable spheres considered in Section 4. The partition function Z N (V, T ) for pairwise interactions (7) can be analyzed using the method of cluster expansion of Mayer and Mayer.
2 But while the desired equation of state is for fixed N , the analysis is tractable only in the grand canonical ensemble for which N is not fixed. To resolve this difficulty one eliminates a fugacity parameter z that occurs in the grand canonical ensemble to recover N , by carrying through tour de force algebraic manipulations. Discussions of this analysis tend to get entangled in algebraic manipulation (see, for example, 2-4 ), but the end result is surprisingly simple giving rise to (1) with B k given by (13) below. First, since the factor e −V (r)/kT tends to 1 as r → ∞, it is useful to introduce a "hole" function
which is of the order O(1) within a certain "effective" volume v eff around a molecule and tends to zero at large distances. Note that f (r) is negative with numerical value between 0 and −1. For the Lennard-Jones potential, one can take
where σ is a distance of the order of 1.5 × 10 −8 cm where V (σ) = 0, as an estimate of the effective molecular volume. Introduce (9) into (6) to write
where f ij = f (r ij ). Next we expand the product inside the integrand into 2
terms. The partition function Z N (V, T ) then becomes a sum of 2 N (N −1)/2 terms, each separable into a product of integrals. Substitute this expression for Z N (V, T ) into (4) and (3). It suffices for our purposes to say that after a lengthy algebraic and combinatorial manipulation akin to the linked-cluster expansion in quantum field theory, one obtains ln Z N (V, T ) in the form of a summation over "irreducible" cluster integrals (see below for the meaning of the term irreducible). We then obtain the virial expansion (1) from (3). Particularly, we obtain the virial coefficients
These terms are represented diagrammatically in Fig. 1 disconnected pieces with the deletion of a single node, namely, the diagram is biconnected. Note the duplicity factors 3, 6, 1 in the last line of (12). More generally one obtains
where the quantity inside the square brackets is the sum of all irreducible diagrams of k nodes. For counting of irreducible diagrams in general, see Ref. 4 . To summarize at this point, we have presented a first-principle derivation of the virial expansion (1), and found the virial coefficients B k given in terms of irreducible integrals whose integrands are sums of products of hole functions f .
Expansion Parameter of the Virial Expansion
The virial expansion (1) has been traditionally considered as an expansion in the particle density ρ, a notion we now re-examine.
Consider the expression (13) for B k . Due to the confinement imposed by the hole function that f (r) vanishes at large r, the integrating variables r i are restricted to lie within a cluster of the size of v eff . But the whole cluster can be placed anywhere in the volume V , so the integration over this degree of freedom yields a factor V . Since each r i is confined to move within v eff , the remaining (k − 1) -fold integrations in (13) contribute a factor of the order of O(v k−1 eff ). Hence we obtain
where c k is a constant. In the evaluation of B 2 , for example, one makes the change of integration variables dr 1 dr 2 → dr 1 dr 12 and the integration over r 1 yields dr 1 = V . This gives
where we have taken c 2 = 1/2 and effective volume 
The virial expansion re-visited: A new interpretation
which is a positive quantity and produces the volume of a sphere in the case of hard spheres [see (22) below]. The substitution of (14) into (1) now permits us to identify a dimensionless expansion parameter
giving rise to the expansion
where c 2 = 1/2 and, more generally,
We have therefore identified a new expansion parameter with expansion coefficient c k which is also dimensionless. Numerically is much smaller than 1. For O 2 at standard conditions, for example, the ratio can be estimated by using v eff = 4πσ 
Hard Sphere Gas
It is instructive to illustrate our new virial series in the case of a hard sphere gas, a system of impenetrable spheres of radius a which interact with the pair interaction V (r) shown in Fig. 2 , or
The hole function for hard spheres is
From (21), we find the effective volume of a hard sphere
as it should. The simple form of (20) makes the hard sphere gas amenable to exact analysis. The evaluation of virial coefficients for hard spheres has a long history as is well-versed in McCoy. 4 The coefficient B 2 is trivially evaluated using (15) and (21) yielding B More generally, using (19) and the relation v eff = 4πa 3 /4 = 2B 2 , we can write
The 
in an expansion in the specific volume . Using the value of = 0.000380 for O 2 , the virial series (25) is seen to be fast-converging.
Summary
We have re-visited the virial expansion using the method of Mayer cluster expansion, and uncovered a new expansion parameter , the specific volume, which is the ratio of the effective volume v eff of a molecule to its mean (per-molecule) volume v mean = V/N . The new virial expansion assumes the form (18) where both the expansion parameter and coefficient of expansion c k are dimensionless. Our consideration is illustrated in the case of a hard sphere system, and we demonstrated that the expansion (18) is fast converging. 
